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Abstract
We present an efficient computational methodology to obtain the full viscoelastic response of dilute solutions of
unentangled semiflexible filaments. By considering an approach based on the fluctuation-dissipation theorem, we were
able to evaluate the dynamical properties of long semiflexible filaments from relaxation simulations with a relatively
low computational cost and higher precision in comparison to the traditional brownian dynamics simulations. We
used a microrheological approach to obtain the complex shear modulus and the complex viscosity of the solution
through its compliance which was obtained directly from the dynamical properties of the filaments. The relaxation
simulations were applied to access the effects of the bending energy on the viscoelasticity of semiflexible filament
solutions and our methodology was validated by comparing the numerical results to experimental data on DNA and
collagen solutions.
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1. Introduction
Despite of its importance to the well-functioning of
almost all biological specimens [1], the viscoelastic re-
sponse of complex solutions of unentangled semiflexi-
ble filaments [2], e.g., collagen, actin, rodlike viruses,
amyloid fibrils, microtubules, and DNA, is not yet en-
tirely predictable neither from theory or simulations [3].
Contrary to solutions of cross-linked filaments, where
a shear protocol can be used to extract the mechani-
cal properties of the networks [4, 5, 6, 7], the study
of the viscoelastic response of solutions of diluted un-
entangled filaments relies mainly on monitoring the
stochastic dynamics of segments in the filament, which
means that those methods are based mainly on fluc-
tuations due to Brownian dynamics [8]. Alternatively,
one could consider relaxation approaches which are
based on fluctuation-dissipation theorem (FDT), just as
done experimentally in the microrheological character-
ization of complex solutions [9, 10, 11]. However, even
though computational simulations based on FDT have
been used to obtain the dynamics of ideal polymer net-
works [12, 13, 14], such relaxation simulations have not
been applied to obtain the viscoelastic properties of so-
lutions; that is the focus of the present study.
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The remainder of the paper is as follows. First, we re-
view the relevant theoretical and computational aspects
related to the rheology and microrheology of solutions
of unentangled filaments. In Sec. 3 we describe a simple
bead-spring filament model and present the numerical
methods used to perform the simulations, including the
technique based on relaxation simulations, which allow
us to extract the viscoelastic properties of solutions from
the dynamics of the beads in the filament. In Sec. 3 we
also include a comparison between the results obtained
from our simulations for flexible filaments and the usual
Brownian dynamics simulations, as well as a compari-
son between our numerical results and the experimental
data obtained for flexible polyelectrolytes. Our results
for semiflexible filaments are presented in Sec. 4, where
we investigate the effects of bending on the viscoelastic-
ity of diluted solutions and we also include comparisons
between our numerical results and experimental data
obtained for DNA and collagen macromolecules. In the
last section we present our concluding remarks and in-
dicate how the method can be useful to simulations that
incoporate more detailed models of semiflexible fila-
ments.
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2. Viscoelasticity of unentangled solutions
Experimentally, one can characterize the mechan-
ical properties of viscoelastic fluids by considering,
e.g., steady-state shearing experiments [15], where the
time-dependent stress σ(t) of the viscoelastic material
is related to its relaxation modulus G(τ) as [16, 17]
σ(t) =
∫ t
−∞
dt′G(t − t′) γ˙(t′) , (1)
with γ˙ being the shear rate. Also, one can consider
small-amplitude oscillatory shearing experiments [15]
with γ(t) being an oscillatory function so that the vis-
coelastic response of the fluid is given by the com-
plex shear modulus, G∗(ω) = G′(ω) + iG′′(ω), where
G′(ω) and G′′(ω) correspond to the storage and the
loss modulus, respectively. At the linear viscoelastic
(LVE) response regime, both experimental techniques
should provide the same information, as the complex
modulus is directly related to G(τ) via a Fourier trans-
form [15, 18], that is,
G∗(ω) = iω
∫ ∞
0
dτ′G(τ′) e−iωτ
′
. (2)
For viscoelastic solutions, it is also convenient to ob-
tain the complex viscosity [15], η∗(ω) = η′(ω)− iη′′(ω),
which is related to the complex modulus as G∗(ω) =
iωη∗(ω), so that η′(ω) = G′′(ω)/ω and η′′ = G′(ω)/ω.
At low frequencies, the loss modulus of viscoelastic so-
lutions is expected to be proportional to the frequency,
i.e., G′′(ω) ∝ ω, so the viscosity η′(ω) should be inde-
pendent of the frequency and is related to the relaxation
modulus as [18]
η0 = lim
ω→0
η′(ω) =
∫ ∞
0
dτ′G(τ′) , (3)
which is equivalent to the steady-state viscosity η(γ˙) =
σ(γ˙)/γ˙ that is obtained for low shear rates at the LVE
regime [19].
Alternatively, the viscoelasticity of complex so-
lutions can be obtained by microrheological tech-
niques [20, 21], which are based on relationships
between the viscoelastic response of the material
and the dynamics of probe particles immersed on it
(see, e.g., Ref. [22]). In particular, one can explore
passive experimental approaches (e.g., particle track-
ing videomicroscopy or dynamic light scattering; see
Ref. [1] for a review) to extract the mean-squared dis-
placement (MSD) 〈∆r2(τ)〉a of probe particles with ra-
dius a and relate it to the compliance J(τ) of the so-
lution through a generalized Stokes-Einstein relation-
ship [20, 23], that is,
J(τ) =
3pia
dkBT
〈∆r2(τ)〉a , (4)
where d is the euclidean dimension of the random walk,
kB is the Boltzmann’s constant, and T is the absolute
temperature of the medium.
At the LVE regime, microrheology and rheology
should give the same information about the viscoelastic
behaviour of the solution. This because the relaxation
modulus is linked to the compliance J(τ) of the solution
through a convolution [16],∫ τ
0
G(τ − τ′)J(τ′)dτ′ = τ , (5)
and one can evaluate the complex shear modulus di-
rectly from the Fourier transform of the compliance
Jˆ(ω) as
G∗(ω) =
1
iωJˆ(ω)
. (6)
Just like it is done for polymeric solutions [24], one
can assume that, at low concentrations of filaments, the
effect of the presence of filaments on the relaxation
modulus of the solution is additive, so that
G(τ) = nφ G f (τ) , (7)
where G f (τ) corresponds to the relaxation modulus of
an isolated filament and nφ is a dimensionless number
that should be proportional to the volume fraction φ (or
the mass concentration c) of filaments in solution. Also,
by inserting Eq. (7) into Eq. (3) one finds that the same
additive contribution due to the presence of filaments
takes place in the viscosity of the solution, and one can
estimate the viscosity due to an isolated filament as
η0, f =
η0
nφ
. (8)
Since the compliance of the solution is given by J(τ) =
τ/η0 at time intervals τ longer than the longest relax-
ation time of the filament τ f , one can also infer that the
compliance of the solution should be given as
J(τ) =
J f (τ)
nφ
, (9)
where J f (τ) correspond to the compliance due to an iso-
lated filament, that is,
J f (τ) =
1
2dD f η0, f
〈∆r2(τ)〉 f . (10)
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with 〈∆r2(τ)〉 f and D f being the MSD and the diffu-
sion coefficient of center of mass of the filament, re-
spectively. Indeed, by considering Eqs. (7) and (9), one
can verify that the convolution between the relaxation
modulus G f (τ) and the compliance J f (τ) of isolated fil-
aments, is equivalent to the convolution between G(τ)
and J(τ) given by Eq. (5). The above equations indicate
that, while an increase in the concentration of filaments
lead to a increase in nφ, hence in G(τ) and η0, it should
decreases the compliance J(τ) of the solution. Clearly,
Eqs. (7), (8), and (9) are expected to be valid only for
highly diluted solutions (i.e., for nφ → 0), similarly to
what is often done to evaluate the intrinsic viscosities
and the reduced relaxation moduli of polymeric solu-
tions [24].
Finally, by considering that the filament can be de-
scribed by a chain with N segments, one can estimate
the relaxation modulus of the solution G(τ) directly
from the the dynamics of a single segment, i.e., a Kuhn
segment. This because the diffusion of a segment should
be limited by the diffusion of the whole filament and one
can verify that, at long time intervals, the MSD of the
segment’s position, 〈∆r2(τ)〉s, should coincide with the
MSD of the center of mass of the filament, 〈∆r2(τ)〉 f , so
that it can be replaced into Eq. (10). Hence, Eqs. (6), (9),
and (10) establish a direct link between the stochastic
dynamics of the segments in the filament and the com-
plex shear modulus of the solution. Indeed, as it can be
verified for flexible polymers described by the Rouse
model [24], if the MSD of the segments display a char-
acteristic subdiffusive behaviour, that is, 〈∆r2(τ)〉s ∝ τα
with α < 1, then the shear moduli will present a power-
law behaviour with the same exponent, that is, G′(ω) ∝
G′′(ω) ∝ ωα (for Rouse chains α = 1/2).
For semiflexible chains, in particular, recent molec-
ular dynamics simulations [25] indicate that the MSD
of Kuhn segments display an exponent α = 3/4, which
agreed with several theoretical approaches [17, 26], and
experimental evidence [3, 27, 28, 29] presented in the
literature. Interestingly, Ref. [25] confirmed results ob-
tained in Refs. [30, 31, 32] that both bond autocorrela-
tion and end-to-end vector correlation functions (which
are extracted from an isolated chain and can be related
to the relaxation modulus), display a power-law be-
haviour that lead to a similar exponent.
3. Methods
In this section we describe the filament model and the
numerical procedures to obtain the dynamical properties
of the filaments, as well as the shear moduli and the
complex viscosity of the solution.
Figure 1: Bead-spring model that is used to represent both flexible
and semiflexible filaments. The separation between beads depends on
their interactions, which are determined by the spring (κ) and bend-
ing (κb) constants defined in Eqs. (11) and (12), respectively, and also
on the friction coefficient ζ between the beads and the solvent, which
is given in terms of the diffusion coefficient D0, as in Eq. (16). (a)
denote a configuration of the filament in the overdamped Langevin
approach, where the dynamics is due to Brownian motion. (b) illus-
trate the relaxation approach, where an external force ~Fext is used to
pull the m-th bead in the middle of the filament.
3.1. Filament model
As illustrated in Fig. 1, the semiflexible filaments are
modelled by a simple bead-spring model with N beads
in a implicit solvent with viscosity ηs at a temperature
T . The beads are coupled to their nearest neighbours by
an interaction potential that includes contributions from
both harmonic (Uh) and bending (Ub) energies.
The harmonic interaction potential of the whole fila-
ment can be written as
Uh =
κ
2
N−1∑
j=1
(
~r j+1 − ~r j
)2
, (11)
where ~r j is the position vector of the j-th bead and
κ is the effective spring constant. One can relate pre-
factor in Eq. (11) to the pre-factor of the Gaussian chain
model [24], so that κ = 3kBT/b2, where b is a parameter
that sets the length scale (e.g., nm) and the strength of
the harmonic interaction in our simulations.
For the bending interaction potential we assume its
discretized approximation (see, e.g., [33]), which is
evaluated as the sum of local curvatures along the fil-
ament and is given by
Ub =
κb
2
N−1∑
j=2
(
~r j−1 − 2~r j + ~r j+1
)2
, (12)
where κb = E/b4 is the bending constant, with E being
a parameter that sets the bending stiffness. Both con-
stants κ and κb are given in units of force per length,
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e.g., pN/nm. The value of κb can be approximately re-
lated to the persistent length of the filament as Lp, since
it should be proportional to A ≡ E′/b, with E′ = E/kBT
(e.g., if E is given in pN.nm3 and b in nm, E′ is given in
nm2, and Lp and A in nm).
3.2. Overdamped dynamics
In order to validate our approach, we first obtain the
dynamical properties of the filament by implementing
Brownian dynamics simulations, which consist in solv-
ing numerically the overdamped Langevin equation. For
the i-th bead in the filament, such equation can be writ-
ten as
∂~ri
∂t
=
1
ζ
(
~Fi + ~fa
)
, (13)
where ~fa is a random force due to interaction of the
bead with the implicit solvent, ζ is a time-independent
friction coefficient, and ~Fi is the total force exerted on
the i-th bead which is determined from the interaction
potentials defined by Eqs. (11) and (12), i.e., ~Fi =
−∇i(Uh + Ub), with ∇i = ∂xi xˆ + ∂yi yˆ + ∂zi zˆ.
Note that one can assume either free boundary con-
ditions (FBC) or periodic boundary conditions (PBC).
In the case of PBC, one can consider the displacement
vectors between consecutive beads, ~t j = ~r j+1 − ~r j, in
order to accomodate the correct indexing in Eqs. (11)
and (12) at the filament’s ends, that is, ~r0 = ~r1 − ~tN−1
and ~r−1 = ~r0 − ~tN−2, and also, ~rN+1 = ~rN + ~t1 and
~rN+2 = ~rN+1 + ~t2.
In practice, one have 3N coupled differential equa-
tions defined as in Eq. (13), which are discretized and
solved numerically by considering the Euler integration
scheme, so that the position vector of the i-th bead at a
time t + ∆t is given by
~ri(t + ∆t) = ~ri(t) +
∆t
ζ
(
~Fi + ~fa
)
, (14)
where the k-th component of the random force is evalu-
ated as [34]
fa,k =
√
2ζkBT
∆t
Nk(0, 1) , (15)
with Nk(0, 1) (for k = x, y, or z) a random variable ob-
tained from a gaussian distribution with zero mean and
variance equal to one. The value of ζ is determined by
the Stokes-Einstein relation, that is,
ζ =
kBT
D0
, (16)
where D0 defines the diffusion coefficient of a non-
connected bead.
As discussed in Sec. 2, the dynamics of the filaments
can be characterized by the fluctuations in the position
of its segments, here denoted by its beads, which is
quantified by their mean-squared displacement,
〈∆r2(τ)〉 = 〈[~r(τ + t0) − ~r(t0)]2〉 , (17)
where 〈. . . 〉 denote averages over both NT beads and
M realizations of the numerical experiment. The initial
configuration in each numerical simulation corresponds
to a fully stretched filament with the beads separated
by a distance b, and the averages are taken only after a
thermalization period of time t0.
The time-dependent diffusion coefficient D(τ) of the
segments can be retrieved from the time derivative of
the MSD of the bead’s position, that is
D(τ) =
1
2d
∂〈∆r2(τ)〉
∂τ
. (18)
For all simulations we consider that the euclidean di-
mension is d = 3. It is worth mentioning that, in order
to avoid boundary effects on 〈∆r2(τ)〉 and D(τ) when us-
ing FBC, we consider that the average is taken over the
NT = N − 2NE beads which are centrally localized in
the filament, i.e., excluding NE beads on each side. In
the case of PBC we simply consider NT = N.
Figure 2 shows the MSD and the diffusion coef-
ficient obtained for a flexible filament, i.e., without
bending energy, just to validate our approach. Such
flexible filament can be well described by the Rouse
model [17, 24] and, as expected, the MSD displays two
normal diffusion regimes: one for times shorter than
τ0 = kBT/(pi2κD0), with 〈∆r2(τ)〉 = 6D0τ, which cor-
responds to the free-like displacements of the beads;
and the other for times longer than τR = τ0N2, with
〈∆r2(τ)〉 = 6(D0/N)τ, which corresponds to the diffu-
sion of the centre of mass of the filament. Also, the
Rouse model displays an intermediate regime with a
characteristic subdiffusive anomalous behaviour [24],
where 〈∆r2(τ)〉 = √36kBT D0/(piκ) τ1/2. As shown
in Fig. 2(b), those regimes are better identified by
the time-dependent diffusion coefficient D(τ), which
shows a transient power-law regime, i.e., D(τ) =√
kBT D0/(4piκ) τ−1/2, between two plateaus, one with
D(τ) = D0 at times shorter than τ0 = 0.0034 ms, and
the other with D(τ) = DR = D0/N, at times longer
than τR = 34 ms (here we have considered N = 100,
D0 = 90 nm2/ms, kBT = 4.142 pN.nm, κ = 1.38 pN/nm,
and κb = 0 pN/nm,).
Figure 2 also includes the comparison between the
overdamped dynamics approach with the relaxation ap-
proach, which is described below.
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Figure 2: (a) Mean-squared displacement 〈∆r2(τ)〉, and (b) the time-
dependent diffusion coefficient D(τ) as function of time τ, for a flex-
ible filament (i.e., no bending energy, κb = 0 pN/nm). Long-dashed
green lines correspond to overdamped simulations with free boundary
conditions (FBC), while dashed-dotted blue and straight purple lines
correspond to relaxation simulations with (PBC) and without (FBC)
periodic boundary conditions, respectively. Short-dashed black lines
indicate the two normal diffusive behaviours where 〈∆r2(τ)〉 ∝ τ and
D(τ) is constant, and the intermediary subdiffusive behaviour with
〈∆r2(τ)〉 ∝ τ1/2 and D(τ) ∝ τ−1/2, as expected from Rouse dy-
namics [24] (see text for details). For both numerical approaches
the results were obtained with N = 100 beads, D0 = 90 nm2/ms,
kBT = 4.142 pN.nm (T = 300 K), b = 3 nm, so that κ = 1.38 pN/nm,
τR = kBT N2/(pi2κD0) ≈ 34 ms, and ζ is given by Eq. (16). For the
overdamped simulations, the results correspond to average values ob-
tained from M = 100 realizations with NE = 7 after a thermalization
of t0 = 5 × 103 ms (i.e., 5 ×106 steps with ∆t = 10−3 ms). For the
relaxation simulations no thermalization was required and we use a
constant external force F0 = 1 pN with the same ∆t.
3.3. Relaxation approach based on FDT
In the relaxation approach, the MSD 〈∆r2(τ)〉 and
the time-dependent diffusion coefficient D(τ) of the
beads in the filament are evaluated from a relation
that comes from the fluctuation-dissipation theorem
(FDT) [18, 24].
Importantly, the use of the relaxation simulations
based on FDT is restricted to the linear response regime
which means that the intensity of the external force is
relatively weak but large enough so that one can ne-
glect the random thermal forces ~fa. In this case one
can solve the 3N coupled differential equations by us-
ing a Euler integration scheme similar to Eq. (19), but
assuming that ~fa are close to zero, so that
~ri(t + ∆t) = ~ri(t) +
∆t
ζ
(
~Fi + δim ~Fext
)
, (19)
where the Kronecker delta δim indicates that the con-
stant external force ~Fext = F0 zˆ is applied only to the
m-th bead in the middle of the filament, as illustrated in
Fig. 1(b).
In practice, FDT can be used to link the displacement
∆z(τ) of the m-th bead driven by the external force to
the fluctuations on its position at equilibrium as [18]
∆z(τ) = [zm(τ) − zm(0)] = χzz(τ)F0 , (20)
where χzz(τ) is a linear response function given by
χzz(τ) =
1
2kBT
〈∆z2(τ)〉 . (21)
Hence, one can estimate the MSD of the beads in d di-
mensions as
〈∆r2(τ)〉 = 2dkBT
F0
[zm(τ) − zm(0)] . (22)
Also, one can retrieve the time-dependent diffusion co-
efficient D(τ) by derivating Eq. (22) just as prescribed
by Eq. (18), which yields
D(τ) =
kBT
F0
υm,z(τ) , (23)
where υm,z(τ) is the velocity of the m-th bead, which
can be directly obtained from the numerical integration
scheme.
As one can see in Fig. 2, the results obtained from
the relaxation approach with Eqs. (22) and (23) dis-
play a good agreement to those obtained from usual
overdamped simulations. It is worth mentioning that,
since one does not have to compute averages over M
realizations and it does not require the thermalization
step (i.e., the initial configuration corresponds to a fully
stretched filament placed along a direction that is per-
pendicular to z with a separation b between beads), the
numerical approach based on relaxation dynamics is
far more efficient than the one based on overdamped
dynamics. For instance, the results obtained from re-
laxation simulations presented in Fig. 2 took less than
a minute to be produced, while the simulations using
overdamped dynamics required several hours. Also, the
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numerical data obtained from relaxation simulations is
not noisy as those obtained from the overdamped simu-
lations. That is very convenient since, as we discuss in
the following, one have to compute Fourier transforms
of 〈∆r2(τ)〉 in order to extract the viscoelastic properties
of the solutions.
3.4. Viscoelastic properties
As discussed in Sec. 2, the viscoelastic properties of
the filament solution are characterized by the complex
shear modulus G∗(ω) = G′(ω) + iG′′(ω), which can be
evaluated from the Fourier transform of the compliance
of the solution J(τ) through Eq. (6).
Equation (9) provide a way to evaluate the compli-
ance of the solution J(τ) in terms of the compliance
J f (τ) of an ultra-diluted solution, which, in turn, can
be computed via Eq. (10) from the MSD of the cen-
ter of mass of the filament 〈∆r2(τ)〉 f and the long time
diffusion coefficient D f . Since the dynamics of both
beads and filament are equivalent at long times, the
time-independent diffusion coefficient of the filament
D f can be estimated directly from time-dependent dif-
fusion coefficient D(τ) of the beads as
D f = lim
τ→∞D(τ) . (24)
As mentioned in Sec. 2, the dynamics of the center of
mass of the filaments should coincide with the dynam-
ics of beads, i.e., 〈∆r2(τ)〉 f = 〈∆r2(τ)〉, thus one can
use Eqs. (9) and (10) to evaluate the compliance of the
whole solution as
J(τ) =
1
2dD f η0
〈∆r2(τ)〉 . (25)
By assuming that the diffusion coefficient of an isolated
filament can be estimated as
D f ≈
a2f
2dτ f
≈ kBT
6pia f η0, f
, (26)
where a f is a characteristic length that might be inter-
preted as an effective radius of the filament, and τ f is
the longest relaxation time of the filament, one can use
Eq. (8) to estimate the viscosity of the solution (at the
low frequency limit) as
η0 ≈ nφ
2d kBT τ f
6pia3f
≈ 4
3
n f kBT τ f , (27)
where n f = φ/V f is the number density of filaments
in solution, with φ ≈ nφ being the volume fraction
of filaments and V f ≈ 4pia3f /3 the effective volume of
the filament. Although we assume that the filaments
have spherical shapes to obtain the above expression,
Eq. (27) can be considered a somewhat general expres-
sion, as indicated by similar theoretical results obtained
for different polymer models [17, 18].
Finally, by considering that the viscosity of the solu-
tion is approximately given by Eq. (27), its compliance
can be estimated by Eq. (25), which can be rewritten as
J(τ) =
3
8d kBT D f τ f
〈∆r2(τ)〉
n f
. (28)
Evidently, except from n f , all the other quantities can
be directly extracted from the dynamics of the beads, as
illustrated in Fig. 2 (for the Rouse model one have that
D f = DR and τ f = τR).
In order to validate our approach, we include in Fig. 3
a comparison between the results obtained from our
relaxation simulations and the experimental data pre-
sented in Ref. [10] on a solution of polyacrylamide
(PAM) chains, which can be considered flexible poly-
electrolyte chains. By realizing that, at high frequen-
cies, the viscosity should be given approximately by
η′(ω)  η0/N, with η0 given by Eq. (27), one might
use the experimental data to estimate the number of seg-
ments that should be used to describe the filament. In
addition, by considering that, for flexible chains, the
longest time of the filament should be given by the
Rouse relaxation time [24], that is,
τ f 
kBT
pi2κD0
N2 , (29)
one can, in principle, estimate the values of κ and D0 as
well. For instance, since the experiments in Ref. [10]
were done at T = 25oC (i.e., kBT = 4.114 pN.nm),
one might assume κ = 12.342 pN/nm (with b = 1 nm)
and D0 = 1 nm2/s, which yields τ f  3.4 s and τ0 =
τ f /N2  0.034 s. Thus, by considering the number den-
sity n f = 2.5 × 1013 cm−3, we were able to find a good
agreement between the compliance J(τ) obtained from
our relaxation simulations and the experimental data, as
shown in Fig. 3(a). Here we recall that the concentra-
tion of filaments w f (given in % w/w) is related to the
number density as
w f =
n f M f
nsMs + n f M f
, (30)
where M f is the molecular weight of the filament, and ns
and Ms are the number density and molecular weight of
the solvent molecules, respectively. Hence, by consider-
ing that the molecular weight of PAM chains is MPAM =
18 × 106 g/mol (see Ref. [10]), the number density and
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Figure 3: Comparison between the experimental data (circles) on flexible polyelectrolyte chains extracted from Ref. [10] and the numerical results
obtained from the relaxation simulations (continuous lines). (a) Compliance J(τ), (b) storage modulus G′(ω) (filled circles) and loss modulus
G′′(ω) (open circles), and (c) viscosity, η′(ω). Numerical estimates for the MSD of the beads 〈∆r2(τ)〉 were obtained via Eq. (22) from relaxation
simulations implemented with PBC and using an external force equal to F0 = 1 pN, N = 10 beads, D0 = 1 nm2/s, kBT = 4.114 pN.nm (T = 298 K),
b = 1 nm, κ = 12.342 pN/nm, κb = 0 pN/nm (i.e., flexible chains), and ∆t = 10−4 s. The match between the compliance J(τ) obtained from our
numerical simulations through Eq. (28) and the experimental data of Ref. [10] was done by choosing a number density equal to n f = 2.5×1013 cm−3,
which is close to the number density nPAM obtained from the nominal concentration of 0.07% w/w used in the experiments (see text for details).
The complex shear modulus, G∗(ω), and the viscosity, η′(ω) = G′′(ω)/ω, were obtained from J(τ) via Eq. (6) using the numerical method proposed
in Ref. [35].
the molecular weight of water molecules are, respec-
tively, nwater = 3.34 × 1022 cm−3 and Mwater = 18 g/mol,
and that the concentration used in the experiments [10]
was wPAM = 0.07% w/w, one finds that the number den-
sity of PAM chains is nPAM ≈ 2.33 × 1013 cm−3, which
is in good agreement with the value n f used in Eq. (28)
to obtain J(τ) from the MSD of the beads.
Now we consider Eq. (6) to obtain the complex shear
modulus G∗(ω) from J(τ), where the Fourier transform
of the compliance Jˆ(ω) is evaluated numerically by the
method proposed in Ref. [35] (see Ref. [27] for further
details). In addition, we evaluate the complex viscosity
from G∗(ω) as
η∗(ω) =
G∗(ω)
iω
. (31)
Figures 3(b) and 3(c) indicates that both the storage
G′(ω) and loss G′′(ω) modulus, as well as the viscos-
ity η′(ω) = G′′(ω)/ω, present a good agreement to the
experimental data obtained from flexible chains [10].
In particular, Fig. 3(b) shows that, at low frequencies,
ω  τ−1f ≈ 0.3 rad/s, G′(ω) ∝ ω2 and G′′(ω) ∝ ω,
which means that the viscosity η′(ω) = G′′(ω)/ω goes
to a constant value η0 ≈ 0.47 Pa.s, which agrees with the
value computed from Eq. (27). As shown in Fig. 3(c),
η′(ω) tends to a value η0/N at high frequencies, thus, as
mentioned earlier, one can consider those values to es-
timate the number of segments N of the filament to be
used in the simulations.
4. Results
In the following we present numerical results ob-
tained for semiflexible chains. In particular, we analyse
the effect of bending energies on the dynamics of long
filaments, demonstrating the effectiveness of our simu-
lations based on the relaxation methodology described
in Sec. 3.3.
Figure 4 include results obtained for semiflexible fil-
aments composed by N = 1000 beads defined with
different values for the bending constant κb but with a
fixed spring constant κ. The results for the MSD and
the time-dependent diffusion coefficient in Fig. 4 were
obtained from relaxation simulations through Eqs. (22)
and (23) with an external force equal to F0 = 1 pN,
D0 = 1 nm2/ms, kBT = 4.142 pN.nm (T = 300 K),
b = 1 nm, ∆t = 10−6 ms, so that κ = 12.426 pN/nm
and ζ given by Eq. (16). Importantly, we labelled the
results in terms of A ≡ E′/b, which is a quantity that
is directly related to the bending constant, as κb = E/b4
and E′ = E/kBT (see Sec. 3.1), and also because the
persistent length Lp of the filaments should be propor-
tional to A. In practice, higher values of κb correspond
to greater values of A, and those can be interpreted as
filaments with longer persistent lengths Lp.
Figures 4(a) and 4(b) show that the bending en-
ergy lead to significant changes in the dynamics of the
beads. In particular, the short-time diffusion dynamics
observed for flexible chains is altered to an extended
subdiffusive regime where 〈∆r2(τ)〉 ∝ τα, with α ap-
proaching 3/4 as the value of A increases. This be-
haviour is confirmed in Fig. 4(b) by the time-dependent
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Figure 4: Effect of bending energies on the dynamics of semiflexible filaments and the viscoelastic properties of their corresponding solutions.
Here we labelled the data in terms of A = E′/b, which should be proportional to both the bending constant κb = E′kBT/b4 and the persistent length
Lp of the filaments. (a) Mean-squared displacement of the m-th bead 〈∆r2(τ)〉, Eq. (22); (b) time-dependent diffusion coefficient D(τ), Eq. (23)
(Inset: characteristic times τs and τb as a function of A); (c) normalized storage modulus G′(ω)/η0 (filled symbols), and loss modulus G
′′(ω)/η0
(open symbols), obtained from the compliance J(τ), Eq. (25), through Eq. (6); and (d) normalized viscosity, η′(ω)/η0, Eq. (31). Inset panels of
(c) and (d) are just zoomed in regions to show the low frequency regime. Results were obtained for long filaments with N = 1000 and different
values of the bending constant κb from relaxation simulations with PBC and considering a constant external force F0 = 1 pN, with D0 = 1 nm2/ms,
b = 1 nm, kBT = 4.142 pN.nm (T = 300 K), ∆t = 10−6 ms, with a fixed spring constant κ = 12.426 pN/nm, and ζ given by Eq. (16). Short-dashed
(black) lines indicate power-law behaviours observed for the dynamical and rheological quantities at different times.
diffusion coefficient D(τ), from where one can verify
that the shortest relaxation time decreases as A (and
κb) increases, while changes in the bending constant κb
seems to not alter the longest relaxation time τ f (at least
for A < 5000 nm). Figure 4(b) indicate that higher val-
ues of A lead to a wider range of subdiffusive anoma-
lous behaviour where D(τ) ∝ τ−1/4. By considering a
local power-law approximation for the time-dependent
diffusion coefficient, i.e., D(τ) ∝ τν, we computed the
numerical derivatives of ν and, from its inflexion points,
we determine two characteristic time scales, τs and τb,
which comprise the range of subdiffusive behaviour that
is directly related to the introduction of the bending en-
ergy, as illustrated for A = 500 nm in Fig. 4(b). Interest-
ingly, our results indicate that both characteristic times
depend on A in a simple way and, as shown in the inset
of Fig. 4(b), τs ≈ 0.3 A−1 and τb ≈ 0.3 A. In addition,
we observe that, at least for that range of A, the long
time diffusion coefficient D f = D0/N and the longest
relaxation time τ f remained unaltered, thus they can be
conveniently evaluated from Rouse estimates through
Eqs. (24) and (29), respectively.
As shown in Figs. 4(c) and 4(d), the changes in the
short time dynamics of the segments clearly modify
the high frequency viscoelastic response of the solu-
tion. In contrast to flexible chains, which display a
characteristic exponent α = 1/2 at high frequencies
(see Ref. [24]), greater values of A lead to a subdif-
fusive anomalous behaviour so that the reduced mod-
uli are given by G′(ω)/η0 ∝ ωα and G′′(ω)/η0 ∝ ωα,
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laxation simulations (continuous lines), as described in Sec. 3.4, and
the experimental data (circles) obtained for DNA solutions [29]. Re-
laxation simulations were performed for long chains with N = 1000
beads using PBC and an external force F0 = 1 pN, ∆t = 10−6 µs,
D0 = 2.57 nm2/µs, kBT = 4.086 pN.nm (T = 296 K), b = 0.99 nm,
κ = 12.426 pN/nm, κb = 2098.7 pN/nm, so that A = 498 nm,
τ f = 0.013 s, and η0 = 0.03 Pa.s. The number density of DNA
molecules in solution is estimated as n f ≈ 43 × 1013 cm−3.
and the relative viscosity is given by η′(ω)/η0 ∝ ωα−1,
with a characteristic exponent α ≈ 3/4, in agreement
to previous theoretical and computational studies pre-
sented in the literature [17, 25, 26, 30, 31, 32]. Also, as
expected from the dynamics, one can verify from the in-
set of Figs. 4(c) and 4(d) that the low frequency regime
of the reduced moduli and the relative viscosity is not
altered due to the introduction of the bending energy.
A careful look at Fig. 4(c) indicates that, in addi-
tion to the power-law behaviour observed for the shear
moduli with a somewhat characteristic exponent α =
3/4, the rheology of solutions of semiflexible filaments
might display intermediary values for α, also including
a transition regime from the flexible behaviour with ex-
ponent α = 1/2. In order to illustrate that ideia we
include comparisons between the numerical results ob-
tained from our relaxation simulations and experimental
data extracted from microrheology experiments.
For instance, Fig. 5 shows the viscoelastic response
obtained for a diluted solution of DNA [29], which is
very similar to the behaviour observed for intermedi-
ary values of A and long filaments showed in Fig. 4(c),
that is, a transition from a subdiffusive regime with
α ≈ 1/2 at intermediary frequencies to a regime where
G′(ω) ∼ G′′(ω) ∼ ω3/4, at high frequencies. By con-
sidering a number density equal to n f ≈ 43 × 1013 cm−3
in Eq. (28), we were able to observe a good quantita-
tive agreement between the numerical results and the
experimental data, indicating the effectiveness of our
approach, despite of the fact that we have used a sim-
ple bead-spring model to perform the relaxation simu-
lations.
Finally, we include in Fig. 6 a comparison between
the numerical results obtained from our relaxation sim-
ulations and the experimental data on solutions of colla-
gen at 2 mg/mL extracted from Ref. [36]. Interestingly,
the exponent α observed for the power-law behaviour
of the shear moduli in Fig. 6(a) present a value be-
tween 1/2 and 3/4 at an intermediary frequency range.
The value of α ≈ 0.7 is corroborated by the behaviour
of the viscosity η′(ω) ∝ ωα−1, which is displayed in
Fig. 6(b). As discussed in Ref. [36], such intermediary
behaviour between flexible and semiflexible could be
explained due to ratio between the short contour length
(L ≈ 300 nm) and the persistent length of the collagen
molecules (Lp ≈ 15− 160 nm), which put the viscoelas-
tic response of the corresponding solution in a crossover
region. Although the experimental data of Ref. [36] do
not include the low frequency regime of the viscoelas-
tic functions, we estimate the number of segments from
η′(ω), just as discussed at the end of Sec. 3.4. Impor-
tantly, the quantitative agreement between our numeri-
cal results and the experimental data presented in Fig. 6
indicate that the relaxation simulations can be also ap-
plied to obtain the viscoelastic response of solutions
with shorter filaments, as in the case of collagen [36].
5. Concluding remarks
In this work we present an efficient numerical method
based on relaxation simulations that allow one to eval-
uate the full viscoelastic response of both flexible and
semiflexible filament solutions. By considering the uni-
versal character of the microrheology of complex so-
lutions at the low frequency regime, we have derived
useful relations that allowed us to obtain the shear
moduli and the viscosity of unentangled filament solu-
tions without having to resort to shearing protocols that
are commonly used for solutions with cross-linked and
tighly entangled filaments.
It is worth mentioning that, since the theoretical
basis of our relaxation simulations is the fluctuation-
dissipation theorem, the determination of the mean-
squared displacement and the time-dependent diffusion
coefficient of the beads through Eqs. (22) and (23), re-
spectively, does not need to be based on brownian dy-
namics simulations to be accomplished. In fact, we ex-
pect that one can explore those equations together with,
for example, usual molecular dynamics simulations.
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Figure 6: Comparison between the viscoelastic properties obtained from relaxation simulations (lines), as described in Sec. 3.4, and the experimen-
tal data (circles) extracted from Ref. [36], which corresponds to solutions of collagen at 2 mg/mL. (a) storage modulus (filled circles), G′(ω), and
loss modulus (open circles), G′′(ω); and (b) the viscosity η′(ω) = G′′(ω)/ω. Relaxation simulations were performed for short chains with N = 15
beads using FBC with an external force F0 = 1 pN, ∆t = 1 ns, D0 = 7.28 nm2/s, kBT = 4.059 pN.nm (T = 294 K), b = 0.99 nm, κ = 12.42 pN/nm,
κb = 699 pN/nm, so that A = 167 nm, τ f ≈ 1.02 s, and η0 = 0.0224 Pa.s. The number density of collagen molecules is solution is estimated as
n f ≈ 0.4 × 1013 cm−3.
Finally, we note that the good agreement to exper-
imental data archieved by the numerical results ob-
tained from our relaxation simulations should encour-
age the use of such numerical methodology combined
with more detailed filament models (e.g., [37, 38]). In
particular, one can extend the relaxation simulations to
include hydrodynamic interactions and excluded vol-
ume effects [25]. Also, it should be worthwhile to apply
the relaxation simulations in the characterization of the
viscoelastic response of solutions of intrinsically disor-
dered proteins (see, e.g., [39]), which are heteropoly-
mers that present different flexibility along the chain.
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